The origin of spin-orbit interaction of light at a conventional optical interface lies in the transverse nature of the photon polarization: The polarizations associated with the plane-wave components experience slightly different rotations in order to satisfy the transversality after reflection or refraction. Recent advances in topological photonic materials provide crucial opportunities to reexamine the spin-orbit interaction of light at the unique optical interface. Here, we establish a general model to describe the spin-orbit interaction of light in the photonic Dirac metacrystal. We find a giant photonic spin Hall effect near the Dirac points when a Gaussian beam impinges at the interface of the photonic Dirac metacrystal. The giant photonic spin Hall effect is attribute to the strong spin-orbit interaction of light, which manifests itself as the large polarization rotations of different plane-wave components. We believe that these results may provide insight into the fundamental properties of the spin-orbit interaction of light in the topological photonic systems.
I. INTRODUCTION
In classic electrodynamics, the reflection of plane wave at a dielectric interface can be determined directly from geometric optics at macroscopic scales [1] , whereas for a real optical beam is not entirely appropriate. It has been pointed out that the wave evolution does not strictly governed by the traditional optics picture due to spin-orbit interactions [2] [3] [4] . The photonic spin Hall effect(SHE) manifesting itself as spindependent splitting in the light-matter interaction is considered as a result of the spin-orbit interaction of light [5] [6] [7] [8] , which plays a key role in many fields, including quantum weak measurement [9] [10] [11] , two-dimensional material characterization [12, 13] , mapping of absorption mechanisms [14] , and identification of multilayer graphene [9, 15, 16] .
Topological metamaterials, including Chern insulators, topological insulators, Weyl semimetals and Dirac semimetals represent a unique effective medium approach for studying topological behaviors of electromagnetic waves, and have attracted growing research interest in various field. Recently there has been realization of topological insulators [17] [18] [19] , Weyl degeneracies [20] [21] [22] , and Dirac degeneracies [23] [24] [25] in the metamaterial and metacrystal systems. Thus the emergence of photonic topological metacrystal render a important foundation to investigate photonic SHE at the unique optical interface. Unlike graphene [26] [27] [28] and silene [29] , 3D photonic topological metacrystal are nonplanar and and possess intrinsic spin-orbit coupling that results in unique band structure. These structures, especially for Dirac points and Weyl points, exhibit unusual physical properties that cannot be found in either monolayers or in bulk materials. In photonics , the fourfold degeneracy of Dirac point usually realized through various space symmetries and exhibit a bulk Hall effect due to time-reversal symmetry breaking [19, 30] . However, the conventional model can not present an accurate de- * Electronic address: hailuluo@hnu.edu.cn scription of photonic SHE in the photonic Dirac metacrystals. A fundamental understanding of the photonic SHE near the Dirac point in photonic topological materials is therefore essential for profound insight of the Dirac materials and even other photonic topological systems.
In this paper, we establish a general model to describe the behaviors of light at the interface of three dimensional metacrystal. In our model, the photonic SHE near the Dirac point in reflected field are taken into accounted. Both the transverse and in plane spatial shifts are obtained when a light beam impinges on the surface of metacrystals. We found that the strong photonic SHE occurs near the Dirac point, which are sensitive to incident angle, frequency, and the electromagnetic properties of material. Hence, we demonstrate the giant photonic SHE with various incident condition and give the corresponding large polarization rotation state as an explanation. Our result will enable us to better understand the spin-orbit interaction of light and will provide insights into the optical measurement of Dirac points, Weyl points, and exceptional points.
II. A GENERAL MODEL FOR SPIN-ORBIT INTERACTION OF LIGHT
Here we first present photonic Dirac points in a medium with homogeneous effective electromagnetic properties. In our case, the general permittivity and permeability tensors of medium have the anisotropic form as ε = ε 0 (ε xxx +ε yŷŷ +ε zẑẑ ) and µ = µ 0 (µ xxx + µ yŷŷ + µ zẑẑ ), respectively. Then we assume ε z = ε y , µ z = µ y are constants. Note that the magneto-electric tensors for the proposed metacrystal are not considered here. The presence of resonance along the x direction for both permittivity and permeability indicates that there exist two bulk plasmon modes [25] , a longitudinal electric mode and a longitudinal magnetic mode, where ω 0 indicates the resonance frequency and coefficients f 1 and f 2 are constants determined by the structure parameters which are adjustable.
Let us consider that a Gaussian beam of frequency ω impinges at an angle θ i at the interface between vacuum and the metacrystal. k i = ω/ √ ε 0 µ 0 = ω/c is the incident vector, and c is the speed of light, and we assume the incident wave vector lies on the xz plane, as shown in Fig. 1(a) . The band structure for a certain set of parameters satisfying the condition are shown in Fig.1(b) , the location of Dirac point can obtain from the eigenvalue of Hamiltonian formalism in the propose metacrystals [25] , k x = k i sin θ i = ±k i √ ε y µ y at the critical
Considering the optical axis direction, we introduced a unit vector I, and let α, β, γ be direction cosines of the optical axis relative the cartesian laboratory frame [31] :
wherex,ŷ andẑ are unit vectors along the x, y and z positive axes. Since I is also a unit vector, thus α 2 + β 2 + γ 2 = 1.
With ∆ε = ε x − ε y and ∆µ = µ x − µ y , the tensor reduces to [31] :
After applying the constitutive relations and Maxwell's equation, we can obtain the characteristic equation. There are two normal (to the interface) wave vectors components k = (k x , 0, k ± z ) which are associated with eigenwaves determined by the nullspace of Hamiltonian formalism, given as
, where E 0 are the electric field magnitudes for the plus and minus modes, respectively. Likewise the corresponding magnetic fields are also obtained by constitutive relation,
To obtain a more accurate model, the arbitrary wave vector of Gaussian beam should be take into account. Here we noted that k ix and k iy respects the x and y components of arbitrary vector relative to beam center, respectively. For the sake of simplicity, we set the optical axis almost along the x axis, α → 1 and other components β and γ can be indicated the arbitrary wave vector k ix and k iy , β ∼ k iy
Considering the propagation of a Gaussian beam under the first order paraxial approximation, the expressions of two vectors k ± z are rewritten as q e and q o :
From boundary conditions [32] and paraxial approximation, the Fresnels coefficients are obtained as:
where r pp , r ss and r ps (r sp ) denote the Fresnel reflection coefficients for parallel, perpendicular and crossing polarizations, respectively. To verify the robustness of model, we set ε x = ε y = const, µ = 1, the reflection coefficients Eqs. (6) and (7) can reproduce to the Fresnel equation in the classic case of isotropic [33] .
III. GIANT PHOTONIC SPIN HALL EFFECT
We now develop the theoretical mode to describe the behavior of Gaussian beam near the Dirac point at the interface. This model can be extensively extended to other 3D anisotropic photonics crystals. For horizontal polarization (|H(k i,r ) ) and vertical polarization (|V(k i,r ) ), the corresponding individual wave vector components can be expressed by |P(k i ) and |S (k i ) [3] :
where k i and k r are the incident and reflected wave vectors respectively; θ i is the incidence angle and θ r is the reflection angle.
The reflected angular spectrum of |P(k i ) and |S (k i ) is associated with the boundary distribution by means of the relation [|P(k r ) |S (k r ) ] T = M R [|P(k i ) |S (k i ) ] T , here M R can be expressed as [34] :
In the above equation, the boundary conditions k rx = −k ix and k ry = k iy have been introduced.
We then obtain
|V(k i ) → r ps + k ry cot θ i (r pp + r ss ) k 0 |H(k r )
where θ i is the incident angle and k 0 = ω/c is the wave vector in vacuum.
The photonic SHE manifests itself as spin-dependent splitting which appears at transverse and longitudinal directions. Therefore, we now determine the spatial shifts of the wave packet. The polarization of |H and |V can be decomposed into two orthogonal spin components |H = 1 √ 2 (|+ + |− ) and |V = 1 √ 2 i(|− − |+ ), where |+ and |− represent the leftand right-circular polarization components, respectively. And we assume that the wavefunction in momentum space can be specified by the following expression:
where w 0 is the width of wavefunction. From Eqs. (10)- (13) we get the corresponding reflected wavefunction in the momentum space, which are made up of the packet spatial extent and polarization description:
|Φ V r ≈ 1 √ 2 −ir ss + r ps + k ry (r pp + r ss ) cot θ i k 0 |+ |Φ
Here we introduced the approximation of 1 ± ik ry δ H,V y ≈ exp(±ik ry δ H,V y ) and 1 ± ik rx δ H,V x ≈ exp(±ik rx δ H,V x ). In addition, the higher order terms of k rx and k ry have been neglected, and only the first order are retained. The transverse spatial shift and in-plane shift can be written as Figure 2 shows the spatial shifts for the |H and |V polarization impinging on the surface of Dirac metacrystal. We set the critical incident angle as the θ c = 30 • (= arcsin ε y µ y ), δθ i and δω used to represent the offset relative to Dirac point in the incident angle and frequency. Thus the spatial shifts are plotted as a function of δθ i and δω. With the increase of incident angle reaching the critical angle, δθ i = 0, the transverse and in-plane photonic SHE manifested as large spatial shifts occur near the Dirac point at the interface. Meanwhile, when the incident frequency meet the Dirac frequency ω D , the spatial shifts has grown more significantly, which corresponding to stronger spin-orbit interaction. Both the two polarization states have the similar behavior of beam, while the transverse shift is slightly larger than other, So we choose the transverse photonic SHE as detailed discussions.
For certain incident angle, it can be seen that the spatial shifts are increased as the incident frequency approximating Dirac frequency ω D (i.e.δω = 0) as shown in Fig. 3(a) , but it is worth noting that the quantized step widths can be signifi- cantly enhanced. Furthermore, if the Gaussian beam with the specific incident frequency impinging on interface, see in Fig.  3(b) , the remarkable spin-orbit interaction exist in θ c = 30 • , which can be considered as imaging near the Dirac point. And the opposite δω (δθ i ) bring equal and reversal spatial shifts. It should be interesting for the proposed metacrystals, the position of Dirac point can be determined by permittivity ε and permeability µ, thus we can enable a precise way to enhance the photonic SHE by constructing the certain Dirac points (or Weyl points, nodal degeneracy points), it also provide insights to measure the location of nodal degeneracy by photonic SHE in various photonic systems. The photonic SHE can be described as a consequence of geometric phase which arises from the spin-orbit interaction. We now examine the polarization rotation in the photonic SHE. The polarization states can be expressed in term of the Jones matrix [35, 36] :
where ν is the polarization angle. The polarization rotation will induce a geometric phase gradient which can be regarded as the physical origin of photonic SHE. When the polarization rotation occurs in momentum space, the spatial shift in position space will be generated, which can be written as
where σ = ±1. Based on the boundary conditions k rx = −k ix and k ry = k iy , the angular spectrum of reflected field can be written as
The wave function in position space is the Fourier transform of the wave function in momentum space:
After substituting Eqs. (20) and (21) into Eq. (22), the general representation of reflected wave function in position space can be written as:
where r sp = r ′ sp k ry k 0 , r ps = −r ′ ps k rx k 0 , and z R = k 0 w 2 0 /2 is the Rayleigh length.
We plot the polarization distributions of the |H polarization state as shown in Fig. 4 and Fig. 5 , respectively. Figure  4 shows the polarization distributions of the |H polarization reflected with different incident frequency. Let the incident angle as θ i = 30.1 • , there is a obvious rotation for the incident frequency δω = −0.01ω D , as shown in Fig. 4(a) . Then, we get a remarkable polarization rotation with δω = −0.001ω D in Fig. 4(b) . Moreover, when the deviation of frequency transform from −0.001ω D to 0.001ω D , we can observed significant transition of polarization rotation near the Dirac point, a clockwise rotation transform to a anticlockwise rotation, as shown in Fig. 4(c) . Furthermore, Fig. 4(d) shows the slight polarization rotation when we increase incident frequency to δω = 0.01ω D .
Compared with Fig. 4, Fig. 5 describes the polarization distributions for several incident angles with certain frequency ω = ω D + 0.001ω D . When we choose the incident condition as δθ i = −0.5 • , Fig. 5(a) shows a weak rotation distribution. Similarly, the small polarization rotation also occur with the case of δθ i = 0.5 • , see in Fig. 5(d) . When the incident condition further approximating the critical angle of Dirac point, we can also observed significant and opposite polarization rotation rate with δθ i = ±0.1 • , as shown in Fig. 5(c) and Fig.  5(d) . The above homologous geometric phase gradient unveiled the giant photonic SHE near the Dirac point. The origin of the spin-orbit interaction lies in the transverse nature of the photon polarization: The polarizations associated with the different plane-wave components experience different rotations in order to satisfy the transversality of photon polarization. The wave packet experiences inhomogeneous geometric phases, whose gradient will result in the spin-dependent splitting.
IV. CONCLUSIONS
In summary, we have developed a general model to describe the photonic SHE in three dimesional Dirac metacrystal and revealed giant photonic spin Hall effect near the Dirac point. When the Gaussian beam impinges on the unique interface, we found that the strong photonic SHE near the dirac point manifesting itself as large spin-dependent splitting in position spaces. The remarkable transversal and in-plane shifts upon the condition of Dirac point, including electromagnetic properties, incident angle and frequency. These findings provide a pathway for enhance the photonic SHE by constructing Dirac point and thereby open the possibility of developing various photonic devices. Our model can also be applied to describe the beam shifts in other 3D topological photonic systems due to their similar topological structure. We believe that the investigation of giant photonic spin Hall effect near the Dirac point to be of fundamental significance and may provide a possible scheme for the measurement of Dirac points, even Weyl points and other degeneracy points.
